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HOMOTOPIC PROPERTIES OF KA¨HLER ORBIFOLDS
GIOVANNI BAZZONI, INDRANIL BISWAS, MARISA FERNA´NDEZ, VICENTE MUN˜OZ,
AND ALEKSY TRALLE
To Simon Salamon on the occasion of his 60th birthday
Abstract. We prove the formality and the evenness of odd-degree Betti numbers for
compact Ka¨hler orbifolds, by adapting the classical proofs for Ka¨hler manifolds. As
a consequence, we obtain examples of symplectic orbifolds not admitting any Ka¨hler
orbifold structure. We also review the known examples of non-formal simply connected
Sasakian manifolds, and produce an example of a non-formal quasi-regular Sasakian
manifold with Betti numbers b1 = 0 and b2 > 1.
1. Introduction
A Ka¨hler manifoldM is a complex manifold, admitting a Hermitian metric h, such that
the (1, 1)-form ω = Imh is closed, and so symplectic, where Imh is the imaginary part
of h. The real part g = Reh of h is a Riemannian metric which is is called the Ka¨hler
metric associated to ω. If a compact manifold admits a Ka¨hler metric, then it inherits
some very striking topological properties, for example: theory of Ka¨hler groups, evenness
of odd-degree Betti numbers, hard Lefschetz theorem, formality of the rational homotopy
type (see [11, 43]).
Ka¨hler metrics can be also defined on orbifolds. A smooth orbifold X , of dimension
n, is a Hausdorff topological space admitting an open cover {Ui}i∈I , such that each Ui
is homeomorphic to a quotient Γi\U˜i, where U˜i ⊂ Rn is an open subset, Γi ⊂ GL(n,R)
a finite group acting on U˜i, and there is a Γi-invariant continuous map ϕi : U˜i −→ Ui
inducing a homeomorphism from Γi\U˜i onto Ui. Moreover, the gluing maps are required
to be smooth and compatible with the group action (see Section 3 for the details).
The orbifold differential forms on a smooth orbifold are defined in local charts as Γi-
invariant differential forms on each open set U˜i, which are compatible with the gluing
maps. The de Rham complex is defined in the same way as for smooth manifolds, and
the de Rham cohomology is equal to the singular cohomology. This result and Poincare´
duality theorem were first proved by Satake, who introduced the notion of orbifold under
the name “V -manifold” [35]. Since Satake, various index theorems were generalized by
Kawasaki to the category of V -manifolds (see [21, 22, 23] and the book by Atiyah [2]). In
the late 1970s, Thurston [38] rediscovered the concept of V -manifold, under the name of
orbifold, in his study of the geometry of 3-manifolds, and defined the orbifold fundamental
group. Even though orbifolds were already very important objects in mathematics, with
the work of Dixon, Harvey, Vafa and Witten on conformal field theory [12], the interest
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on orbifolds dramatically increased, due to their role in string theory (see [1] and the
references therein).
A complex orbifold, of complex dimension n, is an orbifoldX with charts (Ui, U˜i, Γi, ϕi)
as above satisfying the conditions that U˜i ⊂ Cn, Γi ⊂ GL(n,C), and all the gluing maps
are given by biholomorphisms. One can also define orbifold complex forms and orbifold
Hermitian metrics on X (see Section 5 for the details). A complex orbifold X is said
to be Ka¨hler if X admits an orbifold Hermitian metric such that the associated orbifold
Ka¨hler form is closed. The notion of complex orbifold was introduced, under the name of
complex V -manifold, by Baily [3] who generalized the Hodge decomposition theorem to
Riemannian V -manifolds.
Although compact Ka¨hler orbifolds are not smooth manifolds in general, they continue
to possess some topological properties of Ka¨hler manifolds. There are two possible points
of view to look at topological properties of orbifolds. One is to look at the topological
properties of the underlying topological space, and the other is to look at specific orbifold
invariants such as the orbifold fundamental group or the orbifold cohomology. We shall
focus on the former, since the latter is more adequate for the interplay between the
topological space and the subspaces defining the orbifold ramification locus. So when we
talk of the fundamental group or the homology or cohomology of the orbifold, we refer to
those of the underlying topological spaces.
A compact Ka¨hler orbifold is the leaf space of a foliation on a compact manifold Y
[18, Proposition 4.1], and such a foliation is transversely Ka¨hler [42, Proposition 1.4].
Moreover, the basic cohomology of Y is isomorphic to the singular cohomology of the
orbifold over C [34, 5.3]. In [42] it is proved that any compact Ka¨hler orbifold satisfies the
hard Lefschetz property. This is done by using a result of El Kacimi-Alaoui [13] which
says that the basic cohomology of a transversely Ka¨hler foliation on a compact manifold
satisfies the hard Lefschetz property. On the other hand, the ddc-lemma for the algebra
of the basic forms of a transversely Ka¨hler foliation was shown in [10]. Also in [13] it
is proved that the basic Dolbeault cohomology of a transversely Ka¨hler foliation on a
compact manifold has the same properties as the Dolbeault cohomology of a compact
Ka¨hler manifold. So, compact Ka¨hler orbifolds possess the earlier mentioned topological
properties of Ka¨hler manifolds. Regarding the fundamental group of a Ka¨hler orbifold, the
fundamental group of the topological space underlying the orbifold actually coincides with
the fundamental group of a resolution [25, Theorem 7.8.1]. Therefore, these fundamental
groups of Ka¨hler orbifolds satisfy the same restrictions as the fundamental groups of
compact Ka¨hler manifolds.
The main purpose of this paper is to prove that compact Ka¨hler orbifolds are formal.
This is achieved by adapting the proof of formality for Ka¨hler manifolds given in [11].
The machinery used is described in Sections 2, 3 and 4. In Sections 2 and 3 we focus
on the formality of smooth manifolds and orbifolds, respectively, and in Section 4 we
study elliptic operators on complex orbifolds following [43], but it was first developed by
Baily in the aforementioned paper [3]. Then, in Section 5 the orbifold Dolbeault coho-
mology of a complex orbifold is defined, and the ∂∂-lemma for compact Ka¨hler orbifolds
is proved (Lemma 5.4). The formality of compact Ka¨hler orbifolds is deduced using this
(Theorem 5.5). Moreover, in Proposition 5.2 we prove that the orbifold Dolbeault coho-
mology is equipped with an analogue of the Hodge decomposition for Ka¨hler manifolds.
HOMOTOPIC PROPERTIES OF KA¨HLER ORBIFOLDS 3
Consequently, the odd Betti numbers of compact Ka¨hler orbifolds are even. (A Hodge
decomposition theory for nearly Ka¨hler manifolds was developed by Verbitsky in [41],
where it is noted that this theory works also for nearly Ka¨hler orbifolds.) In Section 6, we
produce examples of symplectic orbifolds which do not admit any Ka¨hler orbifold metric
(as they are non-formal or they do not possess the hard Lefschetz property).
Closely related to Ka¨hler orbifolds are Sasakian manifolds. Such a manifold is a Rie-
mannian manifold (N, g), of dimension 2n+1, such that its cone (N×R+, gc = t2g + dt2)
is Ka¨hler, and so the holonomy group for gc is a subgroup of U(n+1). The Ka¨hler struc-
ture on the cone induces a Sasakian structure on the base of the cone. In particular, the
complex structure on the cone gives rise to a Reeb vector field.
If N admits a Sasakian structure, then in [33] it is proved that N also admits a quasi-
regular Sasakian structure. The space X of leaves of a quasi-regular Sasakian structure is
a Ka¨hler orbifold with cyclic quotient singularities, and there is an orbifold circle bundle
S1 →֒ N π−→ X such that the contact form η satisfies the equation dη = π∗ω, where ω
is the orbifold Ka¨hler form. If X is a Ka¨hler manifold, then the Sasakian structure on N
is regular.
However, opposed to Ka¨hler orbifolds, formality is not an obstruction to the existence
of a Sasakian structure even on simply connected manifolds [6]. On the other hand, all
quadruple and higher order Massey products are trivial on any Sasakian manifold. In fact,
in [6] it is proved that, for any n ≥ 3, there exists a simply connected compact regular
Sasakian manifold, of dimension 2n+ 1, which is non-formal, in fact not 3-formal, in the
sense of Definition 2.2. (Note that simply connected compact manifolds of dimension at
most 6 are formal [16, 31].) In Section 7 we review these examples and show that they
have a non-trivial (triple) Massey product, which implies that they are not formal.
Regarding the simply connected compact regular Sasakian manifolds that are formal,
the odd-dimensional sphere S2n+1 is the most basic example of them. By Theorem 2.3 we
know that any 7-dimensional simply connected compact manifold (Sasakian or not) with
b2 ≤ 1 is formal. In [15], examples are given of simply connected formal compact regular
Sasakian manifolds, of dimension 7, with second Betti number b2 ≥ 2. This result and
Proposition 7.1 (Section 7) show that, for every n ≥ 3, there exists a simply connected
compact regular Sasakian manifold, of dimension 2n + 1 ≥ 7, which is formal and has
b2 6= 0. We end up with an example of a quasi-regular (non-regular) Sasakian manifold
with b1 = 0 which is non-formal.
2. Formality of manifolds
In this section some definitions and results about minimal models and Massey products
on smooth manifolds are reviewed; see [11, 14] for more details.
We work with the differential graded commutative algebras, or DGAs, over the field R
of real numbers. The degree of an element a of a DGA is denoted by |a|. A DGA (A, d)
is minimal if:
(1) A is free as an algebra, that is A is the free algebra ∧V over a graded vector
space V =
⊕
i V
i, and
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(2) there is a collection of generators {aτ}τ∈I indexed by some well ordered set I, such
that |aµ| ≤ |aτ | if µ < τ and each daτ is expressed in terms of the previous aµ,
µ < τ . This implies that daτ does not have a linear part.
In our context, the main example of DGA is the de Rham complex (Ω∗(M), d) of a
smooth manifold M , where d is the exterior differential.
The cohomology of a differential graded commutative algebra (A, d) is denoted by
H∗(A). H∗(A) is naturally a DGA with the product inherited from that on A while the
differential on H∗(A) is identically zero.
A DGA (A, d) is called connected if H0(A) = R, and it is called 1-connected if, in
addition, H1(A) = 0.
Morphisms between DGAs are required to preserve the degree and to commute with the
differential. We shall say that (
∧
V, d) is a minimal model of a differential graded com-
mutative algebra (A, d) if (∧V, d) is minimal and there exists a morphism of differential
graded algebras
ρ : (
∧
V, d) −→ (A, d)
inducing an isomorphism ρ∗ : H∗(
∧
V )
∼−→ H∗(A) of cohomologies. In [20], Halperin
proved that any connected differential graded algebra (A, d) has a minimal model unique
up to isomorphism. For 1–connected differential algebras, a similar result was proved by
Deligne, Griffiths, Morgan and Sullivan [11, 19, 37].
A minimal model of a connected smooth manifold M is a minimal model (
∧
V, d) for
the de Rham complex (Ω∗(M), d) of differential forms on M . If M is a simply connected
manifold, then the dual of the real homotopy vector space πi(M)⊗R is isomorphic to the
space V i of generators in degree i, for any i. The latter also happens when i > 1 and M
is nilpotent, that is, the fundamental group π1(M) is nilpotent and its action on πj(M)
is nilpotent for all j > 1 (see [11]).
We say that a DGA (A, d) is a model of a manifold M if (A, d) and M have the same
minimal model. Thus, if (
∧
V, d) is the minimal model of M , we have
(A, d) ν←− (
∧
V, d)
ρ−→ (Ω∗(M), d),
where ρ and ν are quasi-isomorphisms, meaning morphisms of DGAs such that the induced
homomorphisms in cohomology are isomorphisms.
Recall that a minimal algebra (
∧
V, d) is called formal if there exists a morphism
of differential algebras ψ : (
∧
V, d) −→ (H∗(∧V ), 0) inducing the identity map on
cohomology. A DGA (A, d) is formal if its minimal model is formal.
A smooth manifold M is called formal if its minimal model is formal. Many examples
of formal manifolds are known: spheres, projective spaces, compact Lie groups, symmetric
spaces, flag manifolds, and compact Ka¨hler manifolds.
The formality property of a minimal algebra is characterized as follows.
Proposition 2.1 ([11]). A minimal algebra (
∧
V, d) is formal if and only if the space V
can be decomposed into a direct sum V = C ⊕ N with d(C) = 0 and d injective on N ,
such that every closed element in the ideal I(N) in
∧
V generated by N is exact.
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This characterization of formality can be weakened using the concept of s-formality
introduced in [16].
Definition 2.2. A minimal algebra (
∧
V, d) is s-formal (s > 0) if for each i ≤ s the
space V i of generators of degree i decomposes as a direct sum V i = C i ⊕N i, where the
spaces C i and N i satisfy the following conditions:
(1) d(C i) = 0,
(2) the differential map d : N i −→ ∧V is injective, and
(3) any closed element in the ideal Is = I(
⊕
i≤s
N i), generated by the space
⊕
i≤s
N i in the
free algebra
∧
(
⊕
i≤s
V i), is exact in
∧
V .
A smooth manifold M is s-formal if its minimal model is s-formal. Clearly, if M is
formal then M is s-formal for every s > 0. The main result of [16] shows that sometimes
the weaker condition of s-formality implies formality.
Theorem 2.3 ([16]). LetM be a connected and orientable compact differentiable manifold
of dimension 2n or (2n− 1). Then M is formal if and only if it is (n− 1)-formal.
One can check that any simply connected compact manifold is 2-formal. Therefore,
Theorem 2.3 implies that any simply connected compact manifold of dimension at most
six is formal. (This result was proved earlier in [31].)
In order to detect non-formality, instead of computing the minimal model, which is
usually a lengthy process, one can use Massey products, which are obstructions to for-
mality. The simplest type of Massey product is the triple (also known as ordinary) Massey
product. This will be defined next.
Let (A, d) be a DGA (in particular, it can be the de Rham complex of differential
forms on a smooth manifold). Suppose that there are cohomology classes [ai] ∈ Hpi(A),
pi > 0, 1 ≤ i ≤ 3, such that a1 · a2 and a2 · a3 are exact. Write a1 · a2 = da1,2 and
a2 · a3 = da2,3. The (triple) Massey product of the classes [ai] is defined as
〈[a1], [a2], [a3]〉 = [a1 · a2,3 + (−1)p1+1a1,2 · a3] ∈ H
p1+p2+p3−1(A)
[a1] ·Hp2+p3−1(A) + [a3] ·Hp1+p2−1(A) .
Note that a Massey product 〈[a1], [a2], [a3]〉 on (A, dA) is zero (or trivial) if and only if
there exist x˜, y˜ ∈ A such that a1 · a2 = dAx˜, a2 · a3 = dAy˜ and
0 = [a1 · y˜ + (−1)p1+1x˜ · a3] ∈ Hp1+p2+p3−1(A) .
We will use also the following property.
Lemma 2.4. Let M be a connected smooth manifold. Then, Massey products on M can
be calculated by using any model of M .
Proof. It is enough to prove the following: ϕ : (A, dA) −→ (B, dB) is a quasi-isomorphism,
then
ϕ∗(〈[a1], [a2], [a3]〉) = 〈[a′1], [a′2], [a′3]〉
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for [a′j ] = ϕ
∗([aj]). But this is clear; indeed, take a1 · a2 = dAx, a2 · a3 = dAy and let
f = [a1 · y + (−1)p1+1x · a3] ∈ H
p1+p2+p3−1(A)
[a1] ·Hp2+p3−1(A) + [a3] ·Hp1+p2−1(A)
be its Massey product 〈[a1], [a2], [a3]〉. Then the elements a′j = ϕ(aj) satisfy a′1·a′2 = dBx′,
a′2 · a′3 = dBy′, where x′ = ϕ(x), y′ = ϕ(y). Therefore,
f ′ = [a′1 · y′ + (−1)p1+1x′ · a′3] = ϕ∗(f) ∈
Hp1+p2+p3−1(B)
[a′1] ·Hp2+p3−1(B) + [a′3] ·Hp1+p2−1(B)
is the Massey product 〈[a′1], [a′2], [a′3]〉. 
Now we move to the definition of higher Massey products (see [40]). Given
[ai] ∈ H∗(A), 1 ≤ i ≤ t, t ≥ 3 ,
the Massey product 〈[a1], [a2], · · · , [at]〉, is defined if there are elements ai,j on A, with
1 ≤ i ≤ j ≤ t and (i, j) 6= (1, t), such that
ai,i = ai ,
d ai,j =
j−1∑
k=i
(−1)|ai,k |ai,k · ak+1,j .
(2.1)
Then the Massey product is the set of all cohomology classes
〈[a1], [a2], · · · , [at]〉
=
{[
t−1∑
k=1
(−1)|a1,k |a1,k · ak+1,t
]
| ai,j as in (2.1)
}
⊂ H |a1|+···+|at|−(t−2)(A) .
We say that the Massey product is zero if
0 ∈ 〈[a1], [a2], · · · , [at]〉 .
Note that the higher order Massey product 〈[a1], [a2], · · · , [at]〉 of order t ≥ 4 is defined if
all the Massey products 〈[ai], · · · , [ai+p−1]〉 of order p, where 3 ≤ p ≤ t − 1 and 1 ≤ i ≤
t− p+ 1, are defined and trivial.
Massey products are related to formality by the following well-known result.
Theorem 2.5 ([11, 40]). A DGA which has a non-zero Massey product is not formal.
Another obstruction to the formality is given by the a-Massey products introduced in
[9], which generalize the triple Massey product and have the advantage of being simpler
to compute compared to the higher order Massey products. They are defined as follows.
Let (A, d) be a DGA, and let a, b1, . . . , bn ∈ A be closed elements such that the degree
|a| of a is even and a · bi is exact for all i. Let ξi be any form such that dξi = a · bi. Then
the nth order a-Massey product of the bi is the subset
〈a; b1, . . . , bn〉
:=
{[∑
i
(−1)|ξ1|+···+|ξi−1|ξ1 · . . . · ξi−1 · bi · ξi+1 · . . . · ξn
]
| dξi = a · bi
}
⊂ H∗(A) .
We say that the a-Massey product is zero if 0 ∈ 〈a; b1, . . . , bn〉.
Theorem 2.6 ([9]). A DGA which has a non-zero a-Massey product is not formal.
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3. Orbifolds
In this section, we collect some results about smooth orbifolds and formality of these
spaces (see [1, 7, 19, 24, 35, 36, 38]).
Let X be a topological space. Fix an integer n > 0. An orbifold chart (U, U˜,Γ, ϕ) on
X consists of an open set U ⊂ X , a connected and open set U˜ ⊂ Rn, a finite group
Γ ⊂ GL(n,R) acting smoothly and effectively on U˜ , and a continuous map
ϕ : U˜ −→ U,
which is Γ-invariant (that is ϕ = ϕ ◦ γ, for all γ ∈ Γ) and such that it induces a
homeomorphism
Γ\U˜ ∼=−→ U
from the quotient space Γ\U˜ onto U .
Definition 3.1. A smooth orbifold X , of dimension n, is a Hausdorff, paracompact
topological space endowed with an orbifold atlas A = {(Ui, U˜i,Γi, ϕi)}i∈ I , that is A is a
family of orbifold charts which satisfy the following conditions:
i) {Ui}i∈ I is an open cover of X ;
ii) If (Ui, U˜i,Γi, ϕi) and (Uj , U˜j,Γj, ϕj), i, j ∈ I, are two orbifold charts, with Ui ∩
Uj 6= ∅, then for each point p ∈ Ui ∩Uj there exists an orbifold chart (Uk, U˜k,Γk, ϕk)
(k ∈ I) such that p ∈ Uk ⊂ Ui ∩ Uj;
iii) If (Ui, U˜i,Γi, ϕi) and (Uj , U˜j ,Γj, ϕj), i, j ∈ I, are two orbifold charts, with Ui ⊂ Uj ,
then there exist a smooth embedding, called change of charts (or embedding or
gluing map)
ρij : U˜i −→ U˜j
(so that U˜i and ρij(U˜i) are diffeomorphic) such that
ϕi = ϕj ◦ ρij .
Note that, in most references, the definition given of orbifold chart (U, U˜,Γ, ϕ) does not
explicitly require the condition that the finite group Γ is such that Γ ⊂ GL(n,R). But
since smooth actions are locally linearizable (see [8, page 308]), any orbifold has an atlas
consisting of linear charts, that is charts of the form (Ui,R
n,Γi, ϕi) where Γi acts on R
n
via an orthogonal representation Γi ⊂ Ø(n). Since Γi is finite, we can consider an orbifold
atlas on a topological space X as given in Definition 3.1.
As with smooth manifolds, two orbifold atlases A and A′ on X are said to be equivalent
if A ∪ A′ is also an orbifold atlas. Equivalent atlases on X are regarded as defining the
same orbifold structure on X . Every orbifold atlas for X is contained in a unique maximal
one, and two orbifold atlases are equivalent if and only if they are contained in the same
maximal one.
Now, we consider some important points about Definition 3.1. Suppose that X is a
smooth orbifold, with two orbifold charts (Ui, U˜i,Γi, ϕi) and (Uj, U˜j ,Γj, ϕj), such that
Ui ⊂ Uj. Let ρij : U˜i −→ U˜j be a change of charts (in the sense of Definition 3.1). Note
that ρij ◦ γ : U˜i −→ U˜j is also a change of charts, for all γ ∈ Γi. We will see that, for
γ ∈ Γi, there is an element γ˜ ∈ Γj such that ρij ◦ γ = γ˜ ◦ ρij . In [28] it is proved the
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following result, which was proved by Satake in [35] under the added assumption that the
fixed point set has codimension at least two.
Proposition 3.2. [28, Proposition A.1] Let (Ui, U˜i,Γi, ϕi) and (Uj, U˜j ,Γj, ϕj) be two orb-
ifold charts on X, with Ui ⊂ Uj. If ρij , µij : U˜i −→ U˜j are two change of charts, then
there exists a unique γj ∈ Γj such that µij = γj ◦ ρij.
As a consequence of Proposition 3.2, a change of orbifold charts ρij : U˜i −→ U˜j induces
an injective homomorphism fij : Γi −→ Γj which is given by
ρij ◦ γ = fij(γ) ◦ ρij , (3.1)
that is ρij(γ · x) = fij(γ) · ρij(x), for all γ ∈ Γi and x ∈ U˜i.
Also in [28] it is proved the following.
Lemma 3.3. [28, Lemma A.2] Let (Ui, U˜i,Γi, ϕi) and (Uj , U˜j ,Γj, ϕj) be two orbifold charts
on X, with Ui ⊂ Uj. Consider ρij : U˜i −→ U˜j a change of charts which is equivariant
with respect to the injective homomorphism fij : Γi −→ Γj. If there exists an element
γj ∈ Γj such that ρij(U˜i)∩γj · ρij(U˜i) 6= ∅, then γj ∈ Im(fij), and so ρij(U˜i) = γj · ρij(U˜i).
Let X be a smooth orbifold, with an atlas {(Ui, U˜i,Γi, ϕi)}, and let p ∈ X . Consider
(Ui, U˜i,Γi, ϕi) an orbifold chart around p, that is p = ϕi(x) ∈ Ui with x ∈ U˜i, and denote
by Γi(x) ⊂ Γi the isotropy subgroup for the point x. Note that, up to conjugation, the
group Γi(x) does not depend on the choice of the orbifold chart around p. In fact, if
(Ui, U˜i,Γi, ϕi) is an orbifold chart around p and p = ϕi(x) = ϕi(x
′) ∈ Ui with x, x′ ∈ U˜i,
then Γi(x
′) is conjugate to Γi(x). (Indeed, there is a group isomorphism La : Γi(x) −→
Γi(x
′) such that, for γ ∈ Γi(x), La(γ) = aγa−1 with a ∈ GL(n,R).) Moreover, if
(Uj , U˜j,Γj , ϕj) is other orbifold chart with p = ϕj(y) ∈ Uj , then we have a third orbifold
chart (Uk, U˜k,Γk, ϕk) around p = ϕk(z) ∈ Uk, together with smooth embeddings
ρki : U˜k −→ U˜i, ρkj : U˜k −→ U˜j ,
and injective homomorphisms fki : Γk −→ Γi, fkj : Γk −→ Γj such that ρki and ρkj
satisfy (3.1) with respect to fki and fkj, respectively. Thus, fki and fkj define monomor-
phisms Γk(z) →֒ Γi(x) and Γk(z) →֒ Γj(y). But these monomorphisms must be also
onto by Lemma 3.3. So,
Γk(z) ∼= Γj(y) ∼= Γi(x).
This justifies that the group Γi(x) is called the (local) isotropy group of p, and it is denoted
Γp. When Γp 6= Id, the point p is said to be a singular point of the orbifold X . The points
p with Γp = Id are called regular points. The set of singular points
S = {p ∈ X |Γp 6= Id}
is called the singular locus of the orbifold X (or orbifold singular set). Then X − S is a
smooth n-dimensional manifold.
The singular locus can be stratified according to the isotropy groups. For each group H ,
we have a subset SH = {p ∈ X |Γp = H}. It is easily seen that the connected components
of SH are locally closed smooth submanifolds of X . Moreover, the closure SH contains
components of other SH′ , with H < H
′. This is an immediate consequence of the fact
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that it holds on every orbifold chart (in an orbifold chart (U, U˜,Γ, ϕ), the sets SH are
linear subsets of U˜). As a consequence, we can give a CW-structure to X compatible
with the stratification, that is, such that the subsets SH are CW-subcomplexes.
Any smooth manifold is a smooth orbifold for which each of the finite groups Γi is
the trivial group, so that we get U˜i homeomorphic to Ui. The most natural examples of
orbifolds appear when we take the quotient space X =M/Γ of a smooth manifold M by
a finite group Γ acting smoothly and effectively on M . Let π : M → X be the natural
projection. Note that given un point p ∈ M with isotropy group Γp ⊂ Γ, then there is
a chart (U, U˜, φ) of p = φ(x) ∈ U in M , with U = φ(U˜), such that U is Γp-invariant.
Then, an orbifold chart of π(p) ∈ X is (π(U), U˜ ,Γp, π ◦φ), the change of charts ρij are the
change of coordinates on the manifold M , and the monomorphisms fij are the identity
map of Γp. Such an orbifold
X =M/Γ
is called effective global quotient orbifold [1, Definition 1.8].
Moreover, if M is oriented and the action of Γ preserves the orientation, then X is
an oriented orbifold. In general, an orbifold X , with atlas {(Ui, U˜i,Γi, ϕi)}, is oriented if
each U˜i is oriented, the action of Γi is orientation-preserving, and all the change of charts
ρij : U˜i −→ U˜j are orientation-preserving.
Definition 3.4 ([7]). Let X and Y be two orbifolds (not necessarily of the same dimen-
sion) and let {(Ui, U˜i,Γi, ϕi)} and {(Vj, V˜j,Υj , ψj)} be atlases for X and Y , respectively.
A map f : X −→ Y is said to be an orbifold map (or smooth map) if f is a contin-
uous map between the underlying topological spaces, and for every point p ∈ X there
are orbifold charts (Ui, U˜i,Γi, ϕi) and (Vi, V˜i,Υi, ψi) for p and f(p), respectively, with
f(Ui) ⊂ Vi, a differentiable map f˜i : U˜i −→ V˜i, and a homomorphism ̟i : Γi → Υi such
that f˜i ◦ γ = ̟i(γ) ◦ f˜i for all γ ∈ Γi, and
f|Ui ◦ ϕi = ψi ◦ f˜i.
Moreover, f is said to be good if every map f˜i is compatible with the changes of charts in
the following sense:
i) if ρij : U˜i −→ U˜j is a change of charts for p, then there is a change of charts
µ(ρij) : V˜i −→ V˜j for f(p) such that
f˜j ◦ ρij = µ(ρij) ◦ f˜i;
ii) if ρki : U˜k −→ U˜i is a change of charts for p, then
µ(ρij ◦ ρki) = µ(ρij) ◦ µ(ρki).
Therefore, an orbifold map f : X −→ Y is determined by a smooth map f˜i : U˜i −→ V˜i,
for every orbifold chart (Ui, U˜i,Γi, ϕi) on X , such that every f˜i is Γi-equivariant and
compatible with the change of orbifold charts.
Note that conditions i) and ii) in Definition 3.4 imply that the composition of orbifold
maps is an orbifold map. Moreover, if f : X −→ Y is an orbifold map, then there exists
an induced homomorphism from Γp to Υf(p). Also, considering R as an orbifold, we can
define orbifold functions on an orbifold X as orbifold maps f : X −→ R.
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Two orbifolds X and Y are said to be diffeomorphic if there exist orbifold maps
f : X −→ Y and g : Y −→ X such that g ◦ f = 1X and f ◦ g = 1Y , where 1X
and 1Y are the respective identity maps. Note that a diffeomorphism between orbifolds
gives a homeomorphism between the underlying topological spaces.
Many of the usual differential geometric concepts that hold for smooth manifolds also
hold for smooth orbifolds; in particular, the notion of vector bundle [7, Definition 4.2.7].
Using transition maps, orbifold vector bundles can be defined as follows [36].
Definition 3.5. Let X be a smooth orbifold, of dimension n, and let {(Ui, U˜i,Γi, ϕi)}i∈ I
be an atlas on X . An orbifold vector bundle over X and fiber Rm consists of a smooth
orbifold E, of dimension m+ n, and an orbifold map
π : E −→ X,
called projection, satisfying the following conditions:
i) For every orbifold chart (Ui, U˜i,Γi, ϕi) on X , there exists a homomorphism
ρi : Γi −→ GL(Rm)
and an orbifold chart (Vi, V˜i,Γi,Ψi) on E, such that Vi = π
−1(Ui), V˜i = U˜i ×Rm,
the action of Γi on U˜i×Rm is the diagonal action (i.e. γ · (x, u) = (γ ·x, ρi(γ)(u)),
for γ ∈ Γi, x ∈ U˜i and for u ∈ Rm), and the map
Ψi : V˜i = U˜i × Rm −→ E|Ui := π−1(Ui)
is such that π|Vi ◦ Ψi = ϕi ◦ pr1, where pr1 : U˜i × Rm −→ U˜i is the natural
projection, Ψi is Γi-invariant for the action of Γi on U˜i × Rm, and it induces a
homeomorphism
Γi\(U˜i × Rm) ∼= E|Ui
ii) If (Ui, U˜i,Γi, ϕi) and (Uj , U˜j,Γj, ϕj) are two orbifold charts on X , with Ui ⊂ Uj ,
and ρij : U˜i −→ U˜j is a change of charts, then there exists a differentiable map,
called transition map
gij : U˜i −→ GL(Rm),
and a change of charts λij : V˜i = U˜i × Rm −→ V˜j = U˜j × Rm on E, such that
λij(x, u) =
(
ρij(x), gij(x)(u)
)
,
for all (x, u) ∈ U˜i × Rm.
Note that if π : E −→ X is an orbifold vector bundle, and p ∈ X , then the fiber π−1(p)
is not always a vector space. In fact, if (Ui, U˜i,Γi, ϕi) is an orbifold chart on X around
p = ϕi(x) ∈ X , then
π−1(p) ∼= Γp\(x× Rm) ∼= Γp\Rm,
where Γp = Γi(x) is the isotropy group of p. Thus, π
−1(p) ∼= Rm if p is a regular point
(Γp = Id) of X , but π
−1(p) is not a vector space when p is a singular point.
Definition 3.6. A section (or orbifold smooth section) of an orbifold vector bundle
π : E −→ X is an orbifold map s : X −→ E such that π ◦ s = 1X . Therefore, if
{(Ui, U˜i,Γi, ϕi)} is an atlas on X , then s consists of a family of smooth maps {si : U˜i −→
Rm}, such that every si is Γi-equivariant and compatible with the changes of charts on
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X (in the sense of Definition 3.4). We denote the space of (orbifold smooth) sections of
E by C∞(E).
To construct the orbifold tangent bundle TX of an orbifold X , of dimension n, we
continue to use the notation of Definition 3.5. We define the orbifold charts and the
transition maps for TX as follows. For each orbifold chart (Ui, U˜i,Γi, ϕi) ofX , we consider
the tangent bundle T U˜i over U˜i, so T U˜i ∼= U˜i × Rn. Take ρi : Γi −→ GL(Rn) the
homomorphism given by the action of Γi on R
n. Then (E|Ui, U˜i × Rn,Γi, ρi,Ψi) is an
orbifold chart for TX , where E|Ui = Γi\T U˜i. Moreover, if ρij : U˜i −→ U˜j is a change of
charts for X , the transition map
gij : U˜i −→ GL(Rn)
for TX is such that gij(x) is the Jacobian matrix of the map ρij at the point x ∈ U˜i.
Therefore TX is a 2n-dimensional orbifold, and the natural projection π : TX −→ X
defines a smooth map of orbifolds, with fibers π−1(p) ∼= Γp\(x × Rn) ∼= Γp\Rn, for
p ∈ X . Therefore, one can consider tangent vectors to X at the point p ∈ X if p is a
regular point.
The orbifold cotangent bundle T ∗X and the orbifold tensor bundles are constructed
similarly. Thus, one can consider Riemannian metrics, almost complex structures, orbifold
forms, connections, etc.
An (orbifold) Riemannian metric g on X is a positive definite symmetric tensor in
T ∗X ⊗ T ∗X . This is equivalent to have, for each orbifold chart (Ui, U˜i,Γi, ϕi) on X , a
Riemannian metric gi on the open set U˜i that is invariant under the action of Γi on U˜i (Γi
acts on U˜i by isometries), and the change of charts ρij : U˜i −→ U˜j are isometries, that
is ρ∗ij
(
gj|ρij(U˜i)
)
= gi.
An (orbifold) almost complex structure J on X is an endomorphism J : TX −→ TX
such that J2 = − Id. Thus, J is determined by an almost complex structure Ji on
U˜i, for every orbifold chart (Ui, U˜i,Γi, ϕi) on X , such that the action of Γi on U˜i is
by biholomorphic maps, and any change of charts ρij : U˜i −→ U˜j is a holomorphic
embedding.
An orbifold p-form α on X is a section of
∧p T ∗X . This means that, for each orbifold
chart (Ui, U˜i,Γi, ϕi) on X , we have a differential p-form αi on the open set U˜i, such
that every αi is Γi-invariant (i.e. γ
∗
i (αi) = αi, for γi ∈ Γi), and any change of charts
ρij : U˜i −→ U˜j satisfies ρ∗ij(αj) = αi.
The space of p-forms on X is denoted by Ωporb(X). The wedge product of orbifold forms
and the exterior differential d on X are well defined. Thus, we have
d : Ωporb(X) −→ Ωp+1orb (X) .
The constant sheaf R has a resolution
0 −→ R −→ Ω0orb −→ Ω1orb −→ . . . , (3.2)
where Ωporb is the sheaf of smooth sections of
∧p T ∗X . To prove that this is a resolution,
it is enough to prove that it is exact over any neighborhood of the form U = U˜/Γ. As the
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group Γ is finite, it is conjugate to a subgroup of Ø(n), so we can assume that Γ ⊂ Ø(n).
We take U˜ = Bǫ(0) (the ball in R
n of radius ǫ around the origin). Then
0 −→ R −→ Ω0(U˜) −→ Ω1(U˜) −→ . . .
is exact, and taking the Γ-invariant forms, the sequence in (3.2) is exact as well. (The
functor V 7→ V Γ that sends any vector space V with a Γ-action, to its Γ-invariant part,
is an exact functor.) Since (3.2) is exact, the cohomology of the complex (Ω∗orb(X), d) is
isomorphic to the singular cohomology H∗(X, R).
We can see more explicitly this isomorphism with duality by pairing with homology
classes in singular homology H∗(X, R). Recall that we have a CW-complex structure
for X such that the singular sets SH = {p ∈ X |Γp = H} are CW-subcomplexes. Then
for an orbifold k-form α on X and a k-cell D ⊂ X , we have an integration map ∫
D
α.
This is defined as follows: we can assume that D is inside an orbifold chart (U, U˜,Γ, ϕ).
Let D ⊂ SH , where H is some isotropy group, and assume that the interior of D lies
in SH . Under the quotient map π : U˜ → U , the preimage of π−1(SH ∩ U) is contained
in a linear subspace, and the map π : π−1(SH ∩ U) → SH ∩ U is |H| : 1. We define∫
D
α = |H||Γ|
∫
π−1(D)
α˜, where α˜ ∈ Ωk(U˜) is the representative of α in the orbifold chart.
It is easily seen that this is compatible with the orbifold changes of charts, and that it
satisfies an orbifold version of Stokes theorem.
Remark 3.7. Suppose that X = M/Γ is an oriented effective global orbifold, that is
X is the quotient of a smooth manifold M by a finite group Γ acting smoothly and
effectively on M . Then, the definition of orbifold forms implies that any Γ-invariant
differential k-form α on M defines an orbifold k-form α̂ on X , and vice-versa. Moreover,
it is straightforward to check that the exterior derivative on M preserves Γ-invariance.
Thus, if
(
Ωk(M)
)Γ
denotes the space of the Γ-invariant differential k-form on M , and
Hk(M, R)
Γ ⊂ Hk(M, R) is the subspace of the cohomology classes of degree k onM such
that each of these classes has a representative that is a Γ-invariant differential k-form,
then we have
Ωkorb(X) =
(
Ωk(M)
)Γ
, Hk(X, R) = Hk(M, R)
Γ
. (3.3)
For any compact supported orbifold n-form α̂ on X , which is by definition a Γ-invariant
compact supported differential n-form α on M , the integration of α̂ on X is defined by∫
X
α̂ = |Γ|
∫
M
α, (3.4)
where |Γ| is the order of the group Γ. More generally, one can extend the notion of
integration to arbitrary orbifolds by working in orbifold charts via a partition of unity ([1,
page 34], [35]).
Definition 3.8. Let X be an orbifold. A minimal model for X is a minimal model
(
∧
V, d) for the DGA (Ω∗orb(X), d). The orbifold X is formal if its minimal model is
formal (see Section 2).
Proposition 3.9. Let (
∧
V, d) be the minimal model of an orbifold X. Then H∗(
∧
V ) =
H∗(X, R), where the latter means singular cohomology with real coefficients.
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For a simply connected orbifoldX , the dual of the real homotopy vector space πi(X)⊗R
is isomorphic to the space V i of generators in degree i, for any i, where πi(X) is the
homotopy group of order i of the underlying topological space in X . In fact, the proof
given in [11] for simply connected manifolds, also works for simply connected orbifolds
(that is, orbifolds for which the topological space X is simply connected).
Moreover, the proof of Theorem 2.3 given in [16] only uses that the cohomology H∗(M)
is a Poincare´ duality algebra. By [35], we know that the singular cohomology of an
orbifold also satisfies a Poincare´ duality. Thus, Theorem 2.3 also holds for compact
connected orientable orbifolds. Hence, we have the following lemma.
Lemma 3.10. Any simply connected compact orbifold of dimension at most 6 is formal.
The notion of formality is also defined for CW-complexes which have a minimal model
(
∧
V, d). Such a minimal model is constructed as the minimal model associated to the
differential complex of piecewise-linear polynomial forms [14, 19]. In particular, we have
a minimal model (
∧
V, d) for orbifolds.
4. Elliptic differential operators on orbifolds
Here we study elliptic differential operators on complex orbifolds by adapting to these
spaces the elliptic operator theory on complex manifolds [43, Chapter IV].
A complex orbifold, of complex dimension n, is an orbifold X whose orbifold charts are
of the form {(Ui, U˜i,Γi, ϕi)}, where U˜i ⊂ Cn, Γi ⊂ GL(n,C) is a finite group acting on
U˜i by biholomorphisms, and all the changes of charts ρij : U˜i −→ U˜j are holomorphic
embeddings. Thus, any complex orbifold has associated an almost complex structure J .
If X and Y are complex orbifolds, a map f : X −→ Y is said to be an orbifold
holomorphic map (or holomorphic map) if f is a continuous map between the underlying
topological spaces, and for every point p ∈ X there are orbifold charts (Ui, U˜i,Γi, ϕi)
and (Vi, V˜i,Υi, ψi) for p and f(p), respectively, with f(Ui) ⊂ Vi, and a holomorphic map
f˜i : U˜i −→ V˜i such that f˜i is Γi-equivariant and compatible with changes of charts (in
the sense of Definition 3.4).
Similarly to orbifold vector bundles, one can define complex orbifold vector bundles.
Let X be a complex orbifold, of complex dimension n. A complex orbifold vector bundle
over X and fiber Cm consists of a complex orbifold E, of complex dimension m+ n, and
a holomorphic orbifold map
π : E −→ X,
such that the atlas on E has charts of the type (E|Ui, U˜i×Cm, Γi, ρi, Ψi), where ρi : Γi −→
GL(Cm) is a homomorphism, and
Ψi : U˜i × Cm −→ E|Ui := π−1(U)
is a Γi-invariant map, for the diagonal action of Γi on U˜i × Cm (the group Γi acts on Cm
via ρi), with Γi\(U˜i × Cm) ∼= E|Ui.
A Hermitian metric h on X is a collection {hi}, where each hi is a Hermitian metric
on the open set U˜i of the (complex) orbifold chart (Ui, U˜i, Γi, ϕi) on X , such that every
hi is Γi-invariant, and all the changes of charts ρij : U˜i −→ U˜j are given by holomorphic
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and isometric embeddings. A slight modification of the usual partition of unity argument
shows that every complex orbifold has a Hermitian metric [27].
Complex orbifold forms on a complex orbifold and the orbifold Dolbeault cohomology
will be considered in Section 5.
Let E → X be a complex orbifold vector bundle endowed with a Hermitian metric. A
Hermitian connection ∇ on E is defined to be a collection {∇i}, where each ∇i is a Γi-
equivariant Hermitian connection on U˜i, for every complex orbifold chart (Ui, U˜i, Γi, ϕi)
on X , and such that ∇i is compatible with changes of charts. Using ∇, we can define
Sobolev norms on sections of E. For a section s supported on a chart Ui, define
||s||Wm(E|Ui) :=
1
|Γi| ||s||Wm(U˜i) ,
where Wm denotes the usual Sobolev m-norm. That is, ||s||Wm(U˜i) =
∑m
k=0 ||∇ki s||L2. For
orbifold sections s of E, we define ||s||Wm(E) =
∑
i ||ρi s||Wm(E|Ui), where {Ui} is a covering
of X by orbifold charts, and {ρi} a subordinated (orbifold) partition of unity. The space
Wm(E) is the completion with respect to the Wm-norm of the space of (orbifold smooth)
sections. In particular, W 0(E) = L2(E). The Sobolev embedding theorem and Rellich’s
lemma hold for orbifolds (the proof in [43, Chapter IV.1] can be extended to orbifolds
verbatim).
A differential operator L ∈ Diffk(E, F ) of order k between complex vector bundles E
and F is a linear operator which is on an orbifold chart (Ui, U˜i,Γi, ϕi) of the form
L =
∑
|σ|≤k
aσ(x)
D|σ|
Dσx
, (4.1)
where aσ(x) ∈ Hom(E, F ) is defined on each U˜i and it is Γi-equivariant. The symbol of L
is defined as
σk(L)(x, ξ) =
∑
|σ|=k
aσ(x)ξ
σ ,
for x ∈ U˜i, ξ ∈ Rn. It is easily seen that this defines a symbol σk(L)(x, ξ), for x ∈ U˜i
and ξ ∈ T ∗x U˜i, which is Γi-equivariant, that is, an orbifold section of the orbifold bundle
Hom(E, F ) ⊗ (T ∗X)⊗k. We say that L is an elliptic operator if the symbol of L is an
isomorphism for any ξ 6= 0.
The adjoint L∗ of a differential operator L ∈ Diffk(E, F ) is the operator defined by:
〈L(s) , t〉 = 〈s , L∗(t)〉 , (4.2)
for any orbifold sections s, t of E, F , respectively. It turns out that L∗ ∈ Diffk(F,E). For
checking this, we go to an orbifold chart (Ui, U˜i,Γi, ϕi). Then L is written as (4.1). Then
the equality (4.2), for compactly supported Γi-equivariant sections on U˜i, shows that L
∗
has the form (4.1) for suitable coefficients aσ(x) ∈ Hom(F,E), also Γi-equivariant. An
operator L ∈ Diffk(E) := Diffk(E,E) is called self-adjoint if L∗ = L.
Theorem 4.1. Let L ∈ Diffk(E) be self-adjoint and elliptic. Let
HL(E) = {v ∈ C∞(E) | L(v) = 0} .
Then there exist linear mappings HL, GL : C∞(E) −→ C∞(E) such that
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(1) HL(C∞(E)) = HL and dimHL(E) < ∞,
(2) L ◦GL +HL = GL ◦ L+HL = Id,
(3) HL, GL extend to bounded operators in L
2(E), and
(4) C∞(E) = HL(E)⊕GL ◦ L(C∞(E)) = HL(E)⊕ L ◦GL(C∞(E)), with the decom-
position being orthogonal with respect to the L2-metric.
Proof. The theory in Chapter VI.3 of [43] works for orbifolds. A pseudo-differential op-
erator is a linear operator L which is locally of the form
u(x) 7−→ L(p)u(x) =
∫
p(x, ξ)û(ξ)ei〈x,ξ〉dξ
for compactly supported u(x), where p(x, ξ) is a Γ-invariant function on T ∗U˜ = U˜ × Rn
such that the growth conditions in Definition 3.1 of [43, Chapter VI] hold. Note that
L(p) takes Γ-equivariant sections to Γ-equivariant sections. If we decompose C∞(U˜) =
C∞(U˜)Γ ⊕D, where D = {s | ∑g∈Γ g∗s = 0}, then L(p) maps D to D.
A pseudo-differential operator
L : C∞(E) −→ C∞(E)
is of order k if it extends continuously to L : Wm(E) −→ Wm+k(E) for everym. Note that
locally, L maps Γ-equivariant sections of Wm(U˜) to Γ-equivariant sections of Wm+k(U˜).
In particular, a differential operator of order m is a pseudo-differential operator of order
m.
First, using the ellipticity of L, one constructs a pseudo-differential operator L˜, such
that L ◦ L˜ − Id and L˜ ◦ L − Id are of order −1. With this, one can check the regularity
of the solutions of the equation Lv = 0, that is
HL(E)m = {v ∈ Wm(E) | Lv = 0} ⊂ C∞(E) ,
so that HL(E) = HL(E)m for all m. Using Rellich’s lemma, this proves that HL(E) is of
finite dimension. Now HL is defined as projection onto HL(E), and GL is defined as the
inverse of L on the orthogonal complement to HL(E) and zero on HL(E). With this, it
turns out that GL is an operator of negative order. The rest of the assertions are now
straightforward. 
Let E0, E1, . . . , EN be a collection of complex orbifold vector bundles over X . A se-
quence of differential operators
C∞(E0) L0−→ C∞(E1) L1−→ C∞(E2) L2−→ . . . LN−1−→ C∞(EN)
is an elliptic complex if Li ◦ Li−1 = 0, i = 1, · · · , N − 1, and the sequence of symbols
0 −→ (E0)x σ(L0)−→ (E1)x σ(L1)−→ (E2)x σ(L2)−→ . . . σ(LN−1)−→ (EN )x −→ 0
is exact for all x ∈ X , ξ 6= 0. The cohomology groups of the complex are defined to be
Hq(E) :=
kerLq
imLq−1
.
Writing E =
⊕N
i=1Ei, L =
∑N−1
i=1 Li, and
∆ = L∗ L+ LL∗
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with respect to some fixed Hermitian metric on every Ei, 0 ≤ i ≤ N , we have an
elliptic operator ∆: C∞(E) −→ C∞(E). Note that ∆: C∞(Ei) −→ C∞(Ei), for all
i = 0, 1, . . . , N . We denote
Hj(E) = ker(∆|Ej) .
The following is an analogue of Theorem 5.2 in [43, Chapter V].
Theorem 4.2. Let (C∞(E), L) be an elliptic complex equipped with an inner product.
Then the following statements hold:
(1) There is an orthogonal decomposition
C∞(E) = H(E)⊕ LL∗G(C∞(E))⊕ L∗LG(C∞(E)) .
(2) Id = H +∆G = H +G∆, HG = GH = H∆ = ∆H = 0, L∆ = ∆L, L∗∆ = ∆L∗,
LG = GL, L∗G = GL∗, LH = HL = L∗H = HL∗ = 0.
(3) dimHj(E) <∞, and there is a canonical isomorphism Hj(E) ∼= Hj(E).
(4) ∆v = 0 ⇐⇒ Lv = L∗v = 0 for all v ∈ C∞(E).
The complex
Ω0orb(X)
d−→ Ω1orb(X) d−→ Ω2orb(X) d−→ · · · d−→ Ωnorb(X)
is elliptic. Hence Theorem 4.2 implies that
Hk(X) ∼= Hk(X) = ker(∆: Ωkorb(X) −→ Ωkorb(X)) , (4.3)
where ∆ = dd∗ + d∗d.
5. Ka¨hler orbifolds
Let X be a complex orbifold, of complex dimension n, with an atlas {(Ui, U˜i, Γi, ϕi)}.
As for complex manifolds, we can consider orbifold complex forms on X . An orbifold
complex k-form α on X is given by a complex k-form αi on the open set U˜i, for each
orbifold chart (Ui, U˜i,Γi, ϕi), and such that every αi is Γi-invariant and preserved by all
the change of charts. We say that α is bigraded of type (p, q), with k = p + q, if each αi
is a (p, q)-form on U˜i. Denote by Ω
p,q
orb(X) the space of orbifold (p, q)-forms on X . Then,
we have the type decomposition of the exterior derivative d = ∂ + ∂, where
∂ : Ωp,qorb(X) −→ Ωp+1,qorb (X) and ∂ : Ωp,qorb(X) −→ Ωp,q+1orb (X) .
The (orbifold) Dolbeault cohomology of X is defined to be
Hp,q(X) :=
ker(∂ : Ωp,qorb(X) −→ Ωp,q+1orb (X))
∂(Ωp,q−1orb (X))
.
Fix an orbifold Hermitian metric on X . For any p ≥ 0, the complex
0 −→ Ωp,0orb(X) ∂−→ Ωp,1orb(X) ∂−→ Ωp,2orb(X) ∂−→ . . . ∂−→ Ωp,norb(X) −→ 0
is elliptic, where n is the complex dimension of X . Hence Theorem 4.2 implies that
Hp,q(X) ∼= Hp,q(X) = ker(∆∂ : Ωp,qorb(X) −→ Ωp,qorb(X)) ,
where ∆∂ = ∂ ∂
∗
+ ∂
∗
∂.
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Let (X, J, h) be a complex Hermitian orbifold, with orbifold complex structure J and
Hermitian metric h. Thus, we have an orbifold Riemannian metric g = Reh and an
orbifold 2-form ω ∈ Ω1,1orb(X) defined by
ω = Imh ,
Then, ωn 6= 0, where n is the complex dimension of X .
Definition 5.1. A complex Hermitian orbifold (X, h) is called Ka¨hler orbifold if the
associated fundamental form ω is closed, that is dω = 0.
Proposition 5.2. For a compact Ka¨hler orbifold,
∆ = 2∆∂ .
Therefore Hk(X) = ⊕p+q=kHp,q(X).
Proof. This is true on the dense open subset of non-singular points of X by Theorem 4.7
of [43, Chapter V]. So it holds everywhere on X . 
Corollary 5.3. For a compact Ka¨hler orbifold, bk(X) is even for k odd.
Proof. Clearly, conjugation gives a map Ωp,qorb(X) −→ Ωq,porb(X) that commutes with ∆
(as this is a real operator). Therefore, the induced map Hp,q(X) −→ Hq,p(X) is an
isomorphism. In particular, hp,q(X) = hq,p(X), where hp,q(X) = dimHp,q(X). Thus,
bk(X) =
∑
k=p+q h
p,q(X) is even for k odd. 
Lemma 5.4.
(1) Take α ∈ Ωp,qorb(X) with ∂α = 0. If α = ∂β for some β, then there exists ψ such
that α = ∂∂ψ.
(2) Take α ∈ Ωp,qorb(X) with ∂α = 0. If α = ∂β for some β, then there exists ψ such
that α = ∂∂ψ.
Proof. Using Theorem 4.2,
α = Hα+∆∂Gα = Hα+ ∂ ∂
∗
Gα + ∂
∗
∂Gα ,
where G = G∂ is the Green’s operator associated to ∂. As α = ∂β, the cohomology
class represented by α vanishes, so Hα = 0. Then, since G commutes with ∂, we have
∂Gα = G∂α = 0. Hence α = ∂ ∂
∗
Gα = ∂G(∂
∗
α).
Now ∂
∗
=
√−1[Λ, ∂], where Λ = L∗ω and Lω(β) = ω ∧ β. So ∂
∗
α = −√−1∂Λα,
because ∂α = 0. Hence α = ∂G(−√−1∂Λα) = −√−1 ∂∂(GΛα). Therefore, taking
ψ = −√−1GΛα, we conclude the proof of the first part.
The proof of the second part is identical. 
Theorem 5.5. Let X be a compact Ka¨hler orbifold. Then X is formal.
Proof. We have to show that (Ω∗orb(X), d) and (H
∗(X), 0) are quasi-isomorphic differential
graded commutative algebras (DGA).
Consider the DGA (ker ∂, ∂). We will show that
ı : (ker ∂, ∂) →֒ (Ω∗orb(X), d)
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is a quasi-isomorphism. To prove surjectivity, we can take a (p, q)-form α which is d-
closed (see Proposition 5.2). If dα = 0, then ∂α = 0 and ∂α = 0. So α ∈ ker ∂ and
ı∗[α] = [α]. For injectivity, take α ∈ ker ∂ such that ı∗[α] = 0. Then ∂α = 0 and
α = dβ, for some form β. Therefore, α = ∂β + ∂β. Thus we have ∂(∂β) = 0. By
Lemma 5.4, we have that ∂β = ∂∂ψ for some ψ. Hence α = ∂β+∂∂ψ = ∂(β−∂ψ−∂ψ).
Note that ∂(β − ∂ψ − ∂ψ) = ∂β − ∂∂ψ = 0, so β − ∂ψ − ∂ψ ∈ ker ∂.
Next we will show that the projection given by
H : (ker ∂, ∂) −→ (H∗
∂
(X), 0)
is a quasi-isomorphism.
Let α ∈ ker ∂ ∩ ker ∂. Then ∂∗α = √−1[Λ, ∂]α = −√−1∂(Λα). So
α = Hα +G(∂ ∂
∗
α+ ∂
∗
∂α) = Hα−√−1G∂∂(Λα) ,
that is α = Hα + ∂∂ψ, for some ψ. Therefore, if Hα = 0, then α = ∂(∂ψ), with
∂ψ ∈ ker ∂. This proves injectivity.
Now suppose α = Hα+ ∂∂ψ and β = Hβ + ∂∂φ. So
α ∧ β = Hα ∧Hβ + ∂∂Φ
for some Φ, hence H(α ∧ β) = Hα ∧Hβ. This implies that H is a DGA map.
Finally, let us show surjectivity of H . Take α to be harmonic. Then ∂α = 0 and
∂
∗
α = 0. Since ∆ = 2∆∂ , we also have dα = 0 and ∂α = 0. So H([α]) = α. 
The hard Lefschetz property is proved in [42], but we shall give a proof with the current
techniques for completeness.
Theorem 5.6. Let (X,ω) be a compact Ka¨hler orbifold. Then the map
Ln−kω : H
k(X) −→ H2n−k(X) (5.1)
is an isomorphism for 0 ≤ k ≤ n.
Proof. It is enough to see that (5.1) is onto, since by Poincare´ duality both spaces have
the same dimension. As [Lω,∆] = 0, then Lω sends harmonic forms to harmonic forms.
Therefore we have to see that
Ln−kω : Hk(X) −→ H2n−k(X)
is surjective. We shall prove this by induction on k = 0, 1, . . . , n. Take a harmonic
(2n−k)-form a. By induction on k applied to Lω(a), we have that Lω(a) = Ln−k+2ω (c) for
a (k − 2)-form c. Therefore a′ = a − Ln−k+1ω (c) is primitive, Lω(a′) = 0. Let us see that
the Lefschetz map is surjective for a primitive a′.
We have that [Λ, Lω] = n− p on p-forms. As Λa = 0, we have Lω(Λa′) = (k − n)a′,
so (Lω(Λa
′))n−k = c a′, for a constant c. Using repeatedly that LωΛ = ΛLω + c Id, for
(different constants c’s), we get that Ln−kω Λ
n−ka′ = c a′, for another constant c. The map
Ln−kω : Ω
k
orb(X) −→ Ω2n−korb (X)
is an isomorphism (it is a bundle isomorphism). So the above constant c is nonzero.
Therefore, a′ = Ln−kω (b) with b =
1
c
Λn−k(a′) a harmonic k-form (since Λ also sends
harmonic forms to harmonic forms). This finishes the proof of the theorem. 
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6. Symplectic orbifolds with no Ka¨hler orbifold structure
We shall include two examples of symplectic orbifolds, of dimensions 6 and 8, taken
from the constructions in [5] and [17], which cannot admit the structure of an orbifold
Ka¨hler manifold. The first one because it does not satisfy the hard Lefschetz property, and
the second one because it is non-formal. Both admit complex and symplectic (orbifold)
structures.
Before going to those examples, let us recall the definition of a symplectic orbifold.
Definition 6.1. A symplectic orbifold (X,ω) consists of a 2n-dimensional orbifold X and
an orbifold 2-form ω such that dω = 0 and ωn > 0 everywhere.
Note that if (M,Ω) is a symplectic manifold, with symplectic form Ω, and Γ is a finite
group acting effectively on M and preserving Ω, then X = M/Γ is a symplectic orbifold.
In fact, by Remark 3.7, X = M/Γ is an orbifold, and the symplectic form Ω descends
to X via the natural projection π : M → X . The map π is differentiable in the orbifold
sense (actually it is a submersion).
6.1. 6-dimensional example. Consider the complex Heisenberg group HC, that is the
complex nilpotent Lie group of (complex) dimension 3 consisting of matrices of the form1 u2 u30 1 u1
0 0 1
 .
In terms of the natural (complex) coordinate functions (u1, u2, u3) on HC, we have that
the complex 1-forms µ = du1, ν = du2 and θ = du3 − u2 du1 are left invariant, and
dµ = dν = 0, dθ = µ ∧ ν .
Let Λ ⊂ C be the lattice generated by 1 and ζ = e2πi/6, and consider the discrete
subgroup Γ ⊂ HC formed by the matrices in which u1, u2, u3 ∈ Λ. We define the compact
(parallelizable) nilmanifold
M = Γ\HC .
We can describe M as a principal torus bundle
T 2 = C/Λ −→ M −→ T 4 = (C/Λ)2
by the projection (u1, u2, u3) 7−→ (u1, u2).
Consider the action of the finite group Z6 on HC given by the generator
ρ : HC −→ HC
(u1, u2, u3) 7−→ (ζ4 u1, ζ u2, ζ5 u3).
For this action, clearly ρ(p ·q) = ρ(p) ·ρ(q), for all p, q ∈ HC, where · denotes the natural
group structure of HC. Moreover, we have ρ(Γ) = Γ. Thus, ρ induces an action on the
quotient M = Γ\HC. Let ρ : M −→ M be the Z6-action. The action on 1-forms is given
by
ρ∗µ = ζ4 µ, ρ∗ν = ζ ν, ρ∗θ = ζ5 θ.
Proposition 6.2. X = M/Z6 is a simply connected, compact, formal 6-orbifold admit-
ting complex and symplectic structures.
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Proof. Since the Z6-action onM is effective, the quotient space X = M/Z6 is an orbifold.
(The singular points of X are determined in [5, Section 4].) Clearly X is compact since
M is compact. In [5, Proposition 6.1], it is proved that the 6-orbifold X (denoted by M̂
in [5]) is simply connected. Then, X is formal because any simply connected compact
orbifold of dimension 6 is formal by Lemma 3.10.
The orbifold X has a complex orbifold structure, as in Proposition 6.4. We define the
complex 2-form ω on M by
ω = −√−1µ ∧ µ¯+ ν ∧ θ + ν¯ ∧ θ¯ . (6.1)
Clearly, ω is a real closed 2-form on M such that ω3 > 0, so, ω is a symplectic form on
M . Moreover, the form ω is Z6-invariant. Indeed, ρ
∗ω = −i µ∧ µ¯+ζ6ν∧θ+ζ−6ν¯∧ θ¯ = ω.
Therefore X is a symplectic 6-orbifold, with the symplectic form ω̂ induced by ω. 
In order to prove that X does not admit any Ka¨hler structure, we are going to check
that it does not satisfy the hard Lefschetz property for any symplectic form. We compute
the cohomology of X . By a theorem of Nomizu theorem [32], the cohomology of the
nilmanifold M is:
H0(M, C) = 〈1〉,
H1(M, C) = 〈[µ], [µ¯], [ν], [ν¯]〉,
H2(M, C) = 〈[µ ∧ µ¯], [µ ∧ ν¯], [µ¯ ∧ ν], [ν ∧ ν¯], [µ ∧ θ], [µ¯ ∧ θ¯], [ν ∧ θ], [ν¯ ∧ θ¯]〉,
H3(M, C) = 〈[µ ∧ µ¯ ∧ θ], [µ ∧ µ¯ ∧ θ¯], [ν ∧ ν¯ ∧ θ], [ν ∧ ν¯ ∧ θ¯], [µ ∧ ν ∧ θ], [µ¯ ∧ ν¯ ∧ θ¯]
[µ ∧ ν¯ ∧ θ], [µ ∧ ν¯ ∧ θ¯], [µ¯ ∧ ν ∧ θ], [µ¯ ∧ ν ∧ θ¯]〉,
H4(M, C) = 〈[µ ∧ µ¯ ∧ ν ∧ θ], [µ ∧ µ¯ ∧ ν¯ ∧ θ¯], [µ¯ ∧ ν ∧ ν¯ ∧ θ¯], [µ ∧ ν ∧ ν¯ ∧ θ],
[µ ∧ µ¯ ∧ θ ∧ θ¯], [ν ∧ ν¯ ∧ θ ∧ θ¯], [µ ∧ ν¯ ∧ θ ∧ θ¯], [µ¯ ∧ ν ∧ θ ∧ θ¯]〉,
H5(M, C) = 〈[µ ∧ µ¯ ∧ ν ∧ θ ∧ θ¯], [µ ∧ µ¯ ∧ ν¯ ∧ θ ∧ θ¯], [µ ∧ ν ∧ ν¯ ∧ θ ∧ θ¯], [µ¯ ∧ ν ∧ ν¯ ∧ θ ∧ θ¯]〉,
H6(M, C) = 〈[µ ∧ µ¯ ∧ ν ∧ ν¯ ∧ θ ∧ θ¯]〉.
According with (3.3), any Z6-invariant k-form on M defines an orbifold k-form on X , and
vice-versa. Moreover, the cohomology H∗(X) = H∗(M)Z6 is:
H0(X, C) = 〈1〉,
H1(X, C) = 0,
H2(X, C) = 〈[µ ∧ µ¯], [ν ∧ ν¯], [ν ∧ θ], [ν¯ ∧ θ¯]〉,
H3(X, C) = 0,
H4(X, C) = 〈[µ ∧ µ¯ ∧ ν ∧ θ], [µ ∧ µ¯ ∧ ν¯ ∧ θ¯], [µ ∧ µ¯ ∧ θ ∧ θ¯], [ν ∧ ν¯ ∧ θ ∧ θ¯]〉,
H5(X, C) = 0,
H6(X, C) = 〈[µ ∧ µ¯ ∧ ν ∧ ν¯ ∧ θ ∧ θ¯]〉,
where we use the same notation for the Z6-invariant forms on M and those induced on
the orbifold X .
The cohomology class
[β] = [ν ∧ ν¯] ∈ H2(X)
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satisfies the equation [β] ∧ [α1] ∧ [α2] = 0 for any [α1], [α2] ∈ H2(X). Therefore this
class is always in the kernel of
Lω′ : H
2(X) −→ H4(X),
for any (orbifold) symplectic form ω′. So we have the following:
Proposition 6.3. The orbifold X does not admit an orbifold Ka¨hler structure since it
does not satisfy the hard Lefschetz property for any symplectic form.
6.2. 8-dimensional example. Consider again the complex Heisenberg group HC and
set G = HC×C, where C is the additive group of complex numbers. We denote by u4 the
coordinate function corresponding to this extra factor. In terms of the natural (complex)
coordinate functions (u1, u2, u3, u4) on G, the complex 1-forms µ = du1, ν = du2, θ =
du3 − u2 du1 and η = du4 are left invariant, and
dµ = dν = dη = 0, dθ = µ ∧ ν .
Let Λ ⊂ C be the lattice generated by 1 and ζ = e2π
√−1/3, and consider the discrete
subgroup Γ ⊂ G formed by the matrices in which u1, u2, u3, u4 ∈ Λ. We define the
compact (parallelizable) nilmanifold
M = Γ\G .
We can describe M as a principal torus bundle
T 2 = C/Λ −→ M −→ T 6 = (C/Λ)3 ,
by the projection (u1, u2, u3, u4) 7−→ (u1, u2, u4).
Now introduce the following action of the finite group Z3
ρ : G −→ G
(u1, u2, u3, u4) 7−→ (ζ u1, ζ u2, ζ2 u3, ζ u4).
Note that ρ(p · q) = ρ(p) · ρ(q), for p, q ∈ G, where the dot denotes the natural group
structure of G. The map ρ is a particular case of a homothetic transformation (by ζ in
this case) which is well defined for all nilpotent simply connected Lie groups with graded
Lie algebra. Moreover ρ(Γ) = Γ, therefore ρ induces an action on the quotient M = Γ\G.
This action is free away from 34 fixed points corresponding to ui = n/(1− ζ), for n = 0, 1
and 2.
The action on the forms is given by
ρ∗µ = ζ µ, ρ∗ν = ζ ν, ρ∗θ = ζ2 θ, ρ∗η = ζ η.
Proposition 6.4. X = M/Z3 is an 8-orbifold admitting complex and symplectic struc-
tures.
Proof. Just as in Proposition 6.2, it turns out that X is an 8-orbifold since the Z3-action
on M is effective. The nilmanifold M is a complex manifold whose complex structure J
coincides with the multiplication by
√−1 on each tangent space TpM , p ∈M . Then one
can check that J commutes with the Z3-action ρ on M , that is (ρ∗)p ◦ Jp = Jρ(p) ◦ (ρ∗)p,
for any point p ∈M . Hence, J induces a complex structure on the quotient X = M/Z3.
The complex 2-form
ω =
√−1µ ∧ µ¯+ ν ∧ θ + ν¯ ∧ θ¯ + i η ∧ η¯
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is actually a real form which is clearly closed and which has the property that ω4 6= 0.
Thus ω is a symplectic form on M . Moreover, ω is Z3-invariant. Hence the space X =
M/Z3 is a symplectic orbifold, with the symplectic form ω̂ induced by ω. 
The orbifold X does not admit a Ka¨hler orbifold structure because it is non-formal, as
shown in the following theorem.
Theorem 6.5. The orbifold X is non-formal.
Proof. We start by considering the nilmanifold M . Consider the following closed forms:
α = µ ∧ µ¯, β1 = ν ∧ ν¯, β2 = ν ∧ η¯, β3 = ν¯ ∧ η.
Then
α ∧ β1 = d(−θ ∧ µ¯ ∧ ν¯), α ∧ β2 = d(−θ ∧ µ¯ ∧ η¯), α ∧ β3 = d(θ¯ ∧ µ ∧ η).
All the forms α, β1, β2, β3, ξ1 = −θ ∧ µ¯ ∧ ν¯, ξ2 = −θ ∧ µ¯ ∧ η¯ and ξ3 = θ¯ ∧ µ ∧ η are
Z3-invariant. Hence by (3.3) they descend to orbifold forms (denoted with a
∼) on the
quotient X = M/Z3.
We consider the a-Massey product
〈a; b1, b2, b3〉,
for a = [α˜], bi = [β˜i] ∈ H2(X), i = 1, 2, 3. By Nomizu’s theorem mentioned earlier, the
cohomology of M up to degree 3 is
H0(M,C) = 〈1〉,
H1(M,C) = 〈[µ], [µ¯], [ν], [ν¯], [η], [η¯]〉,
H2(M,C) = 〈[µ ∧ µ¯], [µ ∧ ν¯], [µ ∧ θ], [µ ∧ η], [µ ∧ η¯], [µ¯ ∧ ν], [µ¯ ∧ θ¯], [µ¯ ∧ η], [µ¯ ∧ η¯], [ν ∧ ν¯],
[ν ∧ θ], [ν ∧ η], [ν ∧ η¯], [ν¯ ∧ θ¯], [ν¯ ∧ η], [ν¯ ∧ η¯], [η¯ ∧ η¯]〉,
H3(M,C) = A⊕ A¯
where
A =〈[µ ∧ µ¯ ∧ θ¯], [µ ∧ µ¯ ∧ η], [µ ∧ ν ∧ θ], [µ ∧ ν¯ ∧ θ¯], [µ ∧ ν¯ ∧ η], [µ ∧ θ ∧ η], [µ ∧ η ∧ η¯],
[µ¯ ∧ ν ∧ θ¯], [µ¯ ∧ ν ∧ η], [µ¯ ∧ θ¯ ∧ η], [ν ∧ ν¯ ∧ θ¯], [ν ∧ ν¯ ∧ η], [ν ∧ θ ∧ η], [ν ∧ η ∧ η¯],
[ν¯ ∧ θ¯ ∧ η]〉.
Now Z3 acts on A by multiplication with ζ and on A¯ by multiplication with ζ¯, hence
H3(X) = H3(M)Z3 = 0. By [9, Proposition 2.7], the a-Massey product 〈a; b1, b2, b3〉 has
no indeterminacy.
We denote by q the projection M −→ X , and compute
〈a; b1, b2, b3〉 = [ξ˜1 ∧ ξ˜2 ∧ β˜3 + ξ˜2 ∧ ξ˜3 ∧ β˜1 + ξ˜3 ∧ ξ˜1 ∧ β˜2] =
= q∗[ξ1 ∧ ξ2 ∧ β3 + ξ2 ∧ ξ3 ∧ β1 + ξ3 ∧ ξ1 ∧ β2] =
= 2q∗[θ ∧ µ ∧ ν ∧ η ∧ θ¯ ∧ µ¯ ∧ ν¯ ∧ η¯]
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which is non-zero, since by (3.4) we have∫
X
〈a; b1, b2, b3〉 = 2
∫
X
q∗[θ ∧ µ ∧ ν ∧ η ∧ θ¯ ∧ µ¯ ∧ ν¯ ∧ η¯] =
= 6
∫
M
[θ ∧ µ ∧ ν ∧ η ∧ θ¯ ∧ µ¯ ∧ ν¯ ∧ η¯] 6= 0.
By Theorem 2.6 and Definition 3.8, the orbifold X is non-formal. 
7. Simply connected Sasakian manifolds
First, we recall some definitions and results on Sasakian manifolds (see [7] for more
details).
An odd-dimensional Riemannian manifold (N, g) is Sasakian if its cone (N ×R+, gc =
t2g+dt2) is Ka¨hler, that is the cone metric gc = t2g+dt2 admits a compatible integrable
almost complex structure J so that (N × R+, gc = t2g + dt2, J) is a Ka¨hler manifold.
In this case the Reeb vector field ξ = J∂t is a Killing vector field of unit length. The
corresponding 1-form η defined by η(X) = g(ξ, X), for any vector field X on N , is a
contact form, meaning η ∧ (dη)n 6= 0 at every point of N , where dimN = 2n+ 1.
A Sasakian structure onN is called quasi-regular if there is a positive integer δ satisfying
the condition that each point of N has a coordinate chart (U , t) with respect to ξ (the
coordinate t is in the direction of ξ) such that each leaf of ξ passes through U at most δ
times. If δ = 1, then the Sasakian structure is called regular. (See [7, p. 188].) A result
of [33] says that if N admits a Sasakian structure, then it admits also a quasi-regular
Sasakian structure.
If M is a Ka¨hler manifold whose Ka¨hler form ω defines an integral cohomology class,
then the total space of the circle bundle S1 →֒ N π−→ M with Euler class [ω] ∈ H2(M,Z)
is a regular Sasakian manifold with contact form η such that dη = π∗(ω). The converse
also holds: if N is a regular Sasakian structure then the space of leaves X is a Ka¨hler
manifold, and we have a circle bundle S1 →֒ N → M as above. If N has a quasi-regular
Sasakian structure, then the space of leaves M is a Ka¨hler orbifold with cyclic quotient
singularities, and there is an orbifold circle bundle S1 →֒ N → X such that the contact
form η satisfies dη = π∗(ω), where ω is the orbifold Ka¨hler form. Note that the map π is
an orbifold submersion, so that π∗(ω) is a well-defined (smooth) 2-form on the total space
N , which is a smooth manifold. This defines a Sasakian structure on N by [30, Theorem
20].
7.1. A simply connected non-formal Sasakian manifold. Examples of simply con-
nected non-formal Sasakian manifolds, of dimension 2n+1 ≥ 7, are given in [6]. There it
is proved that those examples are non-formal because they are not 3-formal, in the sense
of Definition 2.2. Here we show the non-formality proving that they have a non-trivial
triple Massey product.
Note that if N is a simply connected, compact and non-formal manifold (not necessarily
Sasakian), then dimN ≥ 7. Indeed, Theorem 2.3 gives that simply connected compact
manifolds of dimension at most 6 are formal [16, 31]. Moreover, a 7-dimensional simply
connected Sasakian manifold is formal if and only if all the triple Massey products are
trivial [29].
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To construct a simply connected non-formal Sasakian 7-manifold, we consider the
Ka¨hler manifold M = S2 × S2 × S2 with Ka¨hler form
ω = ω1 + ω2 + ω3 ,
where ω1, ω2 and ω3 are the generators of the integral cohomology group of each of the
S2-factors on S2 × S2 × S2. Let N be the total space N of the principal S1-bundle
S1 →֒ N −→ M = S2 × S2 × S2 ,
with Euler class [ω] ∈ H2(M,Z). Then, N is a simply connected compact (regular)
Sasakian manifold, with contact form η such that dη = π∗(ω).
From now on, we write ai = [ωi] ∈ H2(S2). Since M = S2 × S2 × S2 is formal, a
model of M is (H∗(S2×S2×S2), 0), where H∗(S2×S2×S2) is the de Rham cohomology
algebra of S2 × S2 × S2, that is
H0(M) = 〈1〉,
H1(M) = H3(M) = H5(M) = 0 ,
H2(M) = 〈a1, a2, a3〉,
H4(M) = 〈a1 · a2, a1 · a3, a2 · a3〉,
H6(M) = 〈a1 · a2 · a3〉.
Therefore, a model of N is the DGA
(
H∗(M)⊗∧(x), d), where |x| = 1, d(H∗(M)) = 0
and dx = a1+a2+a3. By Lemma 2.4, we know that Massey products on a manifold can be
computed by using any model for the manifold. Since a1 ·a1 = 0 and a1 ·a2 = 12d(a1 ·x+
a2 ·x−a3 ·x), we have that the (triple) Massey product 〈a1, a1, a2〉 = 12 [(a1 ·a2−a1 ·a3)·x]
is defined and it is non-trivial. Note that there is no indeterminacy of the Massey product,
since it lives in a1 ·H3(N) + a2 ·H3(N), but H3(N) = 0, since by the Gysin sequence, it
equals the kernel of [ω] : H2(M)→ H4(M), which is an isomorphism. So N is non-formal.
The case n > 3 is similar and it is deduced as follows. Consider B = S2× (n). . . ×S2.
Let a1, . . . , an ∈ H2(B) be the cohomology classes given by each of the S2-factors. Then
the Ka¨hler class is given by [ω] = a1 + · · ·+ an. Consider the circle bundle
S1 →֒ N −→ B
with first Chern class equal to [ω].
Using again Lemma 2.4, we know that Massey products on N can be computed by
using any model for N . Since B is formal, a model of B is the DGA
(
H∗(B), 0
)
. Thus,
a model of N is the DGA
(
H∗(B) ⊗ ∧(x), d), where |x| = 1, d(H∗(B)) = 0 and
dx = a1 + a2 + . . .+ an. Now, one can check that a1 · a1 = 0 and
a1 · a2 . . . an−2 · an−1 = 1
2
d
(
(a1 · a2 . . . an−2+a2 · a3 . . . an−2 · an−1−a2 · a3 . . . an−2 · an) ·x
)
.
Thus the Massey product 〈a1, a1, a2 · a3 . . . an−2 · an−1〉 is defined and a representative is
[(a1 · a2 . . . an−2 · an−1 − a1 · a2 . . . an−2 · an) · x] which is non-trivial. Hence, we conclude
that N is non-formal.
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7.2. Simply connected formal Sasakian manifolds with b2 6= 0. The most basic
example of a simply connected compact regular Sasakian manifold is the odd-dimensional
sphere S2n+1 considered as the total space of the Hopf fibration S2n+1 →֒ CPn. It is
well-known that S2n+1 is formal. In this section, we show examples of simply connected
compact Sasakian manifolds, with second Betti number b2 6= 0, which are formal.
Note that Theorem 2.3 implies that any simply connected compact manifold (Sasakian
or not) of dimension ≤ 7 and with b2 ≤ 1, is formal. Examples of 7-dimensional simply
connected compact Sasakian manifolds, with b2 ≥ 2, which are formal are given in [15].
To show examples of simply connected formal Sasakian manifolds, of dimension ≥ 9
and with b2 6= 0, we consider the Ka¨hler manifold
M = CPn−1 × S2 ,
with Ka¨hler form
ω = ω1 + ω2 ,
where ω1 and ω2 are the generators of the integral cohomology group of CP
n−1 and S2,
respectively. Let N be the total space N of the principal S1-bundle
S1 →֒ N −→ M = CPn−1 × S2 ,
with Euler class [ω] ∈ H2(M, Z). Then, N is a simply connected compact (regular)
Sasakian manifold, of dimension 2n+ 1, with contact form η such that dη = π∗(ω).
Proposition 7.1. The total space N of the circle bundle S1 →֒ N −→ M = CPn−1 ×
S2, with Euler class [ω], is a simply connected compact Sasakian manifold, with second
Betti number b2 = 1, which is formal.
Proof. Suppose n ≥ 4. We will determine a minimal model of the (2n+ 1)-manifold N .
Clearly M = CPn−1 × S2 is formal because M is Ka¨hler. Hence, a (non-minimal)
model of M is the DGA (H∗(M), 0), where H∗(M) is the de Rham cohomology algebra
of M . Thus, a (non-minimal) model of N is the differential algebra (A, d), where
A = H∗(M)⊗
∧
(x), |x| = 1, d(H∗(M)) = 0, dx = a1 + a2,
where a1 is the integral cohomology class defined by the Ka¨hler form ω1 on CP
n−1, and a2
is the integral cohomology class defined by the Ka¨hler form ω2 on S
2. Then, the minimal
model associated to this model of N is
(M , D) = (
∧
(a, b, z) , D),
where |a| = 2, |b| = 3 and |z| = 2n−1, while the differential D is given by Da = Db =
0 and Dz = an. Therefore, we get
N i = 0,
for 1 ≤ i ≤ n. Then, Theorem 2.3 implies that N is formal because it is n-formal. 
7.3. Non-formal quasi-regular Sasakian manifolds with b1 = 0. The previous ex-
amples can be tweaked to obtain also examples of quasi-regular Sasakian manifolds P ,
where the base of the (orbifold) circle bundle S1 →֒ P → X is an honest orbifold Ka¨hler
manifold X . Obtaining simply connected manifolds P in this way is a delicate matter,
since the fundamental group of P relates to the orbifold fundamental group of X , and not
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its fundamental group (see [25] and [30] for discussions on these issues). Therefore we
content ourselves with writing down examples with H1(P, Z) = 0.
Consider a complex 3-torus T 3 = C3/Γ, where Γ is the discrete subgroup of C3 consist-
ing of the elements (z1, z2, z3) ∈ C3 whose components z1, z2 and z3 are Gaussian integers.
Now consider the action of the finite group Z2 on C
3 given by
ϕ : C3 → C3
(z1, z2, z3) 7→ (−z1,−z2,−z3),
where ϕ is the generator of Z2. This action satisfies that ϕ(z + z
′) = ϕ(z) + ϕ(z′), for
z, z′ ∈ C3. Moreover, ϕ(Γ) = Γ. Therefore, ϕ induces an action on T 3 = C3/Γ with 26
fixed points corresponding to (z1 = u1+ i u2, z2 = u3+ i u4, z3 = u5+ i u6) with ui = 0,
1
2
.
Thus, the quotient space
X = T 3/Z2
is a Ka¨hler orbifold of (real) dimension 6 with 26 isolated orbifold singularities of order 2.
In fact, one can check that the standard complex structure J on T 3 commutes with the
Z2-action, that is (ϕ∗)z ◦ Jz = Jϕ(z) ◦ (ϕ∗)z, for any point z ∈ T 3. Moreover, the standard
Hermitian metric and the Ka¨hler form ω′ on T 3 are Z2-invariant, and so they induce an
orbifold Hermitian metric and an orbifold Ka¨hler form ω on X , respectively.
By (3.3), the cohomology of X is given by H1(X,Z) = H1(T 3,Z)Z2 = 0, hence b1(X) =
0. Now consider the orbifold circle bundle
S1 →֒ P π−→ X,
given by c1(P ) = [ω]. We have the following:
Proposition 7.2. The manifold P is a 7-dimensional quasi-regular Sasakian manifold N
with b1 = 0 which is non-formal.
Proof. The total space of the orbifold circle bundle P has a Sasakian structure with
contact form η such that dη = π∗(ω), by [30, Theorem 20] (the proof of this result is
given in the K-contact case but it works also for the Sasakian case). The Leray spectral
sequence gives that b1(P ) = 0.
Let us see that P is non-formal. First note that the cohomology of T 3 is the exterior
algebra
∧∗(x1, . . . , x6), with |xi| = 1, 1 ≤ i ≤ 6. Then H∗(X) = ∧even(x1, . . . , x6). Let
a1 = x1x2, a2 = x3x4, a3 = x5x6, so that [ω] = a1 + a2 + a3. As in Subsection 7.1,
there is non-trivial (triple) Massey product in P . Indeed, a1 · a1 = 0 and a1 · a2 =
1
2
d
(
(a1 + a2 − a3) · η
)
. Then,
〈a1, a1, a2〉 = 1
2
[(a1 · a2 − a1 · a3) · η],
where dη = π∗(ω). So P is non-formal.
There is a geometrical explanation of the above Massey product. If T = C/Z2 is the
2-torus, then the quotient T/Z2 ∼= S2, as a topological manifold. Thus
T 3/(Z2 × Z2 × Z2) = (T/Z2)× (T/Z2)× (T/Z2) ∼= S2 × S2 × S2 =M ,
where each of the factors of Z2×Z2×Z2 acts on each of the three factors of T 3 = T×T×T ,
respectively, and M is the 6-manifold of Subsection 7.1. Therefore, the orbifold X sits in
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the middle of two quotient maps
T 3 → X = T 3/Z2 →M ∼= T 3/(Z2 × Z2 × Z2).
Then there is a diagram
S1 →֒ P −→ X
|| ↓ ↓
S1 →֒ N −→ M
where N is the 7-manifold of Subsection 7.1. So, P and N are the same topological
manifold. Then the non-zero Massey product of N produces the non-zero Massey product
for P , giving the non-formality of P . 
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